
Pre-class Warm-up!!!
☃

One of the following functions is a solution to 
the differential equation 

Just by guessing what seems reasonable, 
which function do you think it probably is?

a.  y = sin 3x

b.

c.

d.

j" - 3j' + 2y =
23

I
= 1 - 3x +2x2

3x

y = sh + e

y
= z e3x ,



Section 5.5: Non-homogeneous equations

We learn:
• how to find a particular solution to an equation
a_n y^(n) + … + a_0 y = f(x)
where  f(x)  is a function made up of polynomials, 
exponentials and sin, cos
• the method of undetermined coefficients 
• The method of variation of parameters

We know already:
• the general solution is then  y_c + y_p  

where
• y_p  is a particular solution, and
• y_c  is a solution to the corresponding 

homogeneous equation



Question like 5.5: 1-20

Find a particular solution to the equation 

Like questions 31-40
Solve the initial value problem

Solution.  Step 1: find a particular solution  
y_p = (1/2) e^3x
Step 2: find a general complementary function  
y_c = A y_1 + B y_2
Step 3: Apply the initial conditions to  
y = y_p + y_c  to find  A  and  B.

Step 2:  solve the homogeneous equation
y’’ - 3y’ + 2y = 0
Characteristic equation  r^2 - 3r + 2 = 0,
(r-1)(r-2) = 0,  r = 1 or 2

Step 3:

Done !

3X

j"- 3y+ 2y = e

Solution : We guess a solution y
= A e3X

y = 3A e3Y " = 9A Substitute
3X

(9A - 9A+2A) = e

yc =A ex+Be2y
2A = 1

Apply initial conditionsto
A = 1 . I =

yp +Y
= tex + Ae

+

+ Be2x

y(0) = 2 + A +B = 2z
142

j' = Eesx + Ae
x 2B22

, y(0)= = +A+2B

A+B = 2 (i2] (5) = (3] /]=Eii]()
j" - 3j'+2y =ex

, y( =22
, y'(0) =42 A+2B = 3

= (! ] y = +e+ex



Question like 5.5: 1-20

Find a particular solution to the equation 

What functions should we try to get a solution 
to the non-homogeneous equation?

How wouldyou do:?

j"- 3y+ 2y = 23x Try y = A
3

2

2x+3x j= A+Bx+ CX
>

S/UX Y
= AS1x +BLOSX

x2 ex
j

=Ax= 23x+Bxe
x
+ ce3X

3X

g
=As/xe3* XeYSIX e

SIX =Asin XLX +CsinXDox

ex
y

= AeX



Question like 5.5: 1-20

Find a particular solution to the equation 
Thus A = - 1

y
= -xe" is a particular solation.j"- 3y+ 2y = ex

Attempt : Try y
= A ex

, y'=At =Y .

Substitute : Aet-3A + 2A" =
ex

0 = ex
The problem with trying y =At isthat

Solution : Try I =Axe + Be
et is a solution tohe corresponding

notneeded homogeneous equation, so weget 0 when

j' = A(e" +xe) yet next Aee we substitute it intothe leftside .

Substitute :

The answer isto try y =Axe" instead-
~ ~ ~

2AAxe -3A-3Axe 2Axe
But what if both ex and xex aresolutions

=- AX -ex of the homogeneous equation?



Pre-class Warm-up!!!
If we write  cos 3t - 2 sin 3t = C cos(               )

what is  tan      ?

a. -1/2
b.   4
c.   2
d.  -2
e  None of the above.

What is  C ?

a.  5
b.  √5
c.  √3
d.  -1
e.  None of the above
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Question like  5.5: 21-30
What is the appropriate form of a particular 
solution to the following equation?

What about 
- b

.
works

q(5)+ y(3) = sinx a solution ofhomog . equ.

(5)+ y(3) = 1 +2x +3x
-

XSIX
6 works b .

doesn't work .

Solution : Char polynomial 5
+~3 = r3(+ ) esinx A e"sinx+Bewix?

has roots 0 (3 times) ,
i To get a particular solution

,
we shouldtry

a
. A sinx+ BCOX

General solution : A+Bx+<+Drost +Esint
to the homogeneous equation. b. AXSix+BXCOX

for a solution to ...= #2x+3X2 WeMy c. Axsx+BX
>

25X

I = Ax3 +Bx4+Cy5
.
Here 5= 2 + 3

I d. Axsinx+BXOX+< sinX DX25X
expo times repte

Substitute : 2 . 120 + 6A +24BX +60CX2 e, None ofthe above,
= 1 + 2x +3x2

Coff of x2 : 60c = 3
,

c = =20

x : 24B = 2B = Y2
1 : 6A = - 5 A =

- 5/6

I =
- bx ++x + 20x5 is a particular

solutionn.



Question like 5.5, 47-56.
Use the method of variation of parameters to 
find a particular solution to the equation.

51.  y’’ + 4y = cos 3x

Substitute in "
+ y = 2003X,

All terms disappear except for
the terms inu'

,
vl

↑

Idea
. Charpoly is r+ 4 ,

root 12 : Get two equations for u,
v

·

General soln for homog . equ : A 12X + B 2x Solve
·

Do U = In v = Pr.
Wemy a particular solution ofform
y= U (052X + V S12X where u

,
v are

functions of X
Calculate y'= uzsin2x) + v (20002X)

+ n'cos2x + v sin2X.

Idea : put u'Cos2x + v sin2X = 0

Next y" = nL (tr))
+ n- 2s(2x) + v([us2X)↓



Question like 5.5, 47-56.
Use the method of variation of parameters to 
find a particular solution to the equation.

51.  y’’ + 4y = cos 3x

Solution:  We have solutions  cos 2x,  sin 2x to  
y’’ + 4y = 0.
Try for a solution  y = u cos 2x + v sin 2x  where  
u, v  are functions of  x.  Then
y’ = -2u sin 2x + 2v cos 2x + u’ cos 2x + v’ sin 2x
It works if we put the pink terms
 u’ cos 2x + v’ sin 2x = 0
Next
y’’ = -4ucos 2x - 4vsin 2x - 2u’sin 2x + 2v’cos 2x
Substitute in the original equation. Some 
cancellation takes place (no accident):
y’’ + 4y = - 2u’sin 2x + 2v’cos 2x = cos 3x

We get a system of linear equations for  u’, v’

cos 2x sin 2x

-2sin 2x 2cos 2x

0

cos 3x

u’

v’

=

~ (s2x
,
sin2

↑= ex ino  sx)
= sixcos

u = - / sin2xar3xx =
-2)(5x - sink)dx

= to 2085x - 1 cosx

v = z/ cos2x (3xdx = !(05x+wx)dx
=To SIXESIX

y = (t 2055x - Ecosx] cr2x +(sin5x+ six) sin2x



Question:
What is the best form of function to try in solving
y’’ + y = x sin x  ?

a.  ax sin x + bx cos x

b.  ax sin x + bx cos x + c sin x + d cos x

c.  ax sin x + bx cos x + cx^2 sin x + dx^2 cos x

d.  a sin x + b cos x + cx^2 sin x + dx^2 cos x

e.  None of the above.

Note that  sin x  and  cos x  are solutions to
y’’ + y = 0.

~



Worked example:
Find a particular solution for
y’’ + y = x sin x

Solution: observe  y_c = sin x  and  
y_c = cos x  solve  y’’+ y = 0.
Try

Thus - 4b = a = 0 = d = 2c+b

b =- = c = + 1

yp
= - + x cosx + 1 xsinx

these cancel

y
= x 2(a sinx+ buix) + x(smx+ drosx)

j= x
= (acx - bsinx) + 2 x (asix+ barex)

+ x (ccox - dsinx)+ < sinx + cosx

j" = x2 (- asinx-busx) + 4x (acx- bsinx)
+ 2(asinx + brix) + x (-<sim-dosx)
+ 2 (cosx-dsix)

y" +y = 4 x (acox - bsinx)
+ (c+2b) cosx + (2a-1d) sinx

=X81X


